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O 

rvQ ' We study tropical geometry in the global setting using the deformation re- 

^ I traction of a non-Archimedean analytic space to its skeleton constructed by 

Mh| V. Berkovich. We state and prove the generalized balancing conditions in this 

setting. Starting with a strictly stable formal scheme, we calculate certain 
00 ' sheaves of vanishing cycles using analytic etale cohomology, then interpret trop- 

ical weights by these cycles. We obtain the balancing condition for tropical 
curves on the skeleton associated to the formal scheme in terms of the intersec- 
tion theory on the special fibre. Our approach works over any complete discrete 
valuation field. 



1 Introduction and statement of result 

Usually, tropical geometry is studied in the setting of toric varieties (see for 
example IMik06] ) . By definition, a toric variety contains an open dense torus 
G" . Assume that our torus G" is defined over a non- Archimedean field k with 



'^ ' a discrete valuation, and consider the map 

(N 



G;^(fc) ~ (fcx)" ^ R", (xi, . . . ,x„) ^ (val(xi), . . . , val(a;„)). 



This map can be extended to the whole Berkovich spectrum GJ^°" and we get 
a continuous map t : G";°" — )■ M". The map r is proper and surjective if the 
valuation on k is non-trivial. 

Now let C be an analytic curve embedded in GJ^°". Traditionally, the trop- 

^S . icalization of C is by definition the image t{C) C K", which we denote by C*. 

j^ I The tropical curve C* has the structure of a balanced metrized graph, and the 

philosophy of tropical geometry is to study curves in algebraic varieties in terms 

of such combinatorial gadgets. 

Let us recall what it means for the tropical curve C* to be balanced. To each 
edge e of C* with a chosen orientation, we can associate an element We G Z", 
parallel to the direction of e inside M". We call Wg the tropical weight of e. Then 
the balancing condition states that for any vertex t; G C*, we have J2e3v ^e — 0' 
where the sum is taken over all edges that contain v as an endpoint, and the 
orientation of each edge is chosen to be the one that points away from v. 



*Ecole normale superieure Paris, France. E-mail address: yue.yuOens.fr 
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In order to go beyond the toric case above, we borrow the formalism of 
polystable fibrations developed in |Ber99j . which was used to prove local con- 
tractibility of smooth Bcrkovich spaces loc. cit. To simplify the exposition, we 
will only consider strictly stable formal schemes (see Definition 12.21) . Let X be 
a strictly stable formal scheme over the ring of integers k°. Its generic fibre 
Xri is a Berkovich space over k and its special fibre Xs is a scheme over the 
residue field k. Following |Ber99| . one can construct a simplicial complex Sx in 
terms of the stratification of Xs , called the skeleton of X. The key point is that 
we have an inclusion map : Sx ^^ Xrj, and a continuous, proper, surjective 
retraction map t : X,, — >■ Sx ■ This is a globalization of the traditional picture in 
the previous paragraphs. Now in parallel, let C be a compact auasi-smoothTl 
fc-analytic curve, and let / : C — > X^ be a /c-analytic morphism. We call the 
image (to/){C) C Sx the tropical curve, and denote it again by C*. By working 
locally, one can show as in the toric case that C* is a polytope embedded in Sx 
of dimension less than or equal to one. However, the balancing condition for 
the tropical curve C* is no longer obvious in the global setting. More precisely, 
we ask the following question. 

Question Let w be a vertex of the tropical curve C*. What are the constraints 
on the shape of C* near the vertex v7 

We give a necessary condition in terms of the intersection theory on the 
special fibre Xs- When X is a strictly stable formal scheme, Sx is a simplicial 
complex with finitely many vertices, numbered by 0, . . . , A'^. Each vertex i cor- 
responds to an irreducible component Di of the special fibre X^. For each face 
/ C {0, . . . ,N} in Sx, we denote by Dj the corresponding stratum in Xs, i.e. 
Dj = Plig/ Di- Now let u be a vertex of the tropical curve C*. Suppose that v 
sits in the interior of a d-dimensional face /„ = {io, . . . , id} C {0, . . . , N}, and 
that Dj^ is a projective variety. Put 

We will describe an integral linear structure on Sx in Section [51 i.e. an integral 
structure TySxC^) ^ TySx on the tangent space of Sx at v. We will have a 
natural embedding 

I : TySxi^) '^ Ker (Z''' ^ Z), 
and we denote by Xq the composition of X with the inclusion 

Ker (Z"^ ^ Z) -^ Ker (Z'^ -^ Z) ® Q. 

As in the traditional case, to each edge e containing v as an endpoint, we can 
associate a weight We & T^SxC^) (see Section [5]). We denote the sum of weights 

a = J2weenSx{Z). (1.1) 

e3v 



^See IDucl f3.1.8) for the definition. In particular, a proper smooth fc-analytic curve is 
compact and quasi-smooth. 

^ The smoothness assumption on C is not restrictive because we are considering morphisms 
from C to Xr] rather than embedded curves, and one can always make desingularizations. 
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Let Lj be the puUback of the hne bundle 0{Dj) to the subscheme I3/„, for 
every j e J. Let a be the map 

a : CHi [Di^) — ^ Ker (Z"' Az), Li — > {L-L^, j e j), 

that takes a one-dimensional cycle L in Dj^ to its intersection numbers with 
the divisors Lj for every j G J. 

Our balancing condition is stated in the theorem below. The rest of the 
article provides a proof of the theorem. 

Theorem 1.1. We use the notations introduced above. Recall we have the 
assumption that the stratum Dj^ is projective. We further assume that the 
vertex V does not lie in the image of the boundary [to f)[dC). Then the image 
Tq (a) of the sum of weights a lies in the image of the map 

aQ := a ® Q : CH^ (DiX — ^ Ker (Q'^ ^ Q). 



Example 1.2. Assume that X is n-dimensional and that the vertex v sits in 
the interior of an n-dimensional face of Sx- Then Dj^ is a point and the map 
a is zero. Our balancing condition in this case simply states that the sum of 
weights a must be zero. So we recover the classical balancing condition in our 
generalized setting. 

Example 1.3. Assume that the vertex v sits on a vertex of the simplicial complex 
Sx. So the cardinality |/i,| = 1 and Dj^ is a divisor in X. Let J' = J\ ly. We 
have Ker fZ'^ — ;• Z) ~ Z'^ by projection. In this case, our map a is the same 
as the following map, which is slightly easier to describe: 

a' : CHi {DiJ — > Z'''', L< — > {L- [Di^ n Dj), for j G J'). 

Plan Basic definitions are given in Section [5] In Section [31 we study the 
geometry of strictly stable formal schemes in terms of vanishing cycles. In 
Section [51 we explain that the directions of the edges of a tropical curve are 
homological in nature, and are only related to the "vanishing part" of the first 
degree cohomology of the generic fibre. In Section [31 we establish an important 
technical step that allows us to localize our calculation of vanishing cycles to a 
small domain inside the skeleton. In Section [6l we prove a weaker form of our 
balancing conditions in terms of etale cohomology. The key ingredient is the 
long exact sequence relating nearby cycles with vanishing cycles. In Section [71 
we explain how to use standard arguments in algebraic geometry to obtain the 
stronger balancing condition fTheorem ll.ip which is stated in terms of algebraic 
cycles. 

Acknowledgement I am very grateful to Maxim Kontsevich for inspiring dis- 
cussions, from which this article originates. Discussions with Bernhard Keller, 
Antoine Ducros, Pierrick Bousseau, and Jean-Frangois Dat are equally very 
essential and useful. 
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2 Strictly stable formal schemes and skeleta 

In this article, k always denotes a non-Archimedean field with a discretqfl val- 
uation. Let k° be the ring of integers of k, k°° the maximal ideal of fc°, and k 
the residue field. The symbol I always denotes a prime number invertible in the 
residue field k. 

For n > 1, < d' < n and a £ fc°° \ 0, put 

6(n, d', a) = Spf (fc°{To, . . . , T^,, 5^+^, . . . , 5±}/(To ■■■Ta-- a)) . (2.1) 

Definition 2.1. A formal scheme X over k° is said to be finitely presented if it 
is a finite union of open affine subschemes of the form 

Spf(fc°{To,...,T„}/(/i,...,/™)). 

Definition 2.2. Let X be a formal scheme finitely presented over k°. X is 
said to be strictly stable if every point a; of X has an open affine neighbourhood 
il such that the structural morphism U — )► Spf k° factorizes through an etale 
morphism <j) : il -^ &{n,d' ,a) for some < d' < n and a G k°° \ 0. 

Recall that for a formal scheme X finitely presented over k°, its special fibre 
Xs is a scheme of finite type over k, and its generic fibre X,; is a compact 
strictly fc-analytic space. When X is polystable in the sense of |Ber99j . one 
can construct a polysimplicial set C(Xs), whose topological realization is by 
definition the skeleton Sx of X. In our simplified situation, i.e. when X is 
strictly stable, the skeleton Sx has a simple description as a simplicial complex 
which we give below. 

Let { Di I i = 0, . . . , A^ } be the set of irreducible components of the special 
fibre Xs. For any non-empty subset / C {0,...,A^}, let Dj = f]-^j Di. The 
general constructions in (Ber99) imply the following three lemmas. 

Lemma 2.3. The skeleton Sx is the finite simplicial sub-complex of the simplex 

A face / C { 0, . . . , Af } in 5'3e is called maximal if it does not belong to 
another face of higher dimension. Let / be a maximal face of Sx of dimension 
d' . By Definition l2.2[ there exists an affine open subscheme il in X such that the 
structural morphism it — !> Spf k° factorizes through an etale morphism : it ^■ 
&{n, d' , a) for some n G N, a G fc°°\0, and that DiDils is given by the equations 
To = ••■== Td' = 0. We denote this element a G fc°° \ by a/. 

Lemma 2.4. Although aj is not uniquely determined by I , its valuation val(a/) 
does not depend on the choice of the open affine subscheme il or the etale mor- 
phism (j). 



^We assume the valuation to be discrete because the theory of special formal schemes in 
the non-discrete valued case is not yet studied in the literature. It is not clear whether one 
can drop this assumption. 
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Let 






r, eR>o,Y, T^ ^ val(a/) \ C M^+\ 



iei ) 

where Gq, . . . , e^v is regarded as the standard basis of ]R^+^. 

Lemma 2.5. The skeleton Sx can be identified with the union of the simplexes 
Si over all maximal faces I C {0, . . . , N}. Thus we obtain an embedding of Sx 

intoR'^+^. 

This embedding equips Sx with an integral linear structure. Concretely, we 
mean the following. Let w be a point in Sx, and let i^ be a face of dimension d' 
of Sx containing v. Let Vp be the smallest afhne subspace of E^+^ containing 
F, and let Vp C R^"*"^ be the linear subspace parallel to Vp. The subspace Vp is 
equipped with an integral lattice Vp (Z) of rank d' induced by the ambient lattice 
^N+i ^ ^N+1^ Lg^ j^^g^ (j-ggp^ T^Sx{1)) be the subspace (resp. sub-lattice) 
generated by the union of Vp (resp. Vp{Z)) over all faces F of Sx containing v. 
We call TySx the tangent space of Sx at v. 

Assume that v sits in the interior of a d-dimensional face /„ C {0, . . . ,N}. 
Put 

J={j\ Di^ulj} ^ } • (2-2) 

The description above gives a natural embedding 

I : TuSxil') ^ Kcr (Z"' ^ Z). (2.3) 

3 Calculation of vanishing cycles 

For any space X, we denote by X^ the category of etale sheaves on X whenever 
it makes sense. Let A = Zjl^Z for any positive integer v. We denote by Ax the 
constant sheaf on X with values in A. Let fc^ be the separable closure of /c, fc^ 
its completion, and fc'' its residue field. For any scheme X defined over Spec fc, 
we denote AT = X x fc*. For any fc-analytic space A, we denote A = A x fc*. 

Let X be a strictly stable formal scheme over fc°. Let %s (resp. X^j-) denote 
the special (resp. generic) fibre of the formal scheme X := X (gifco (A;")" over 
(A;*)°. In |Ber94) . Berkovich constructed two functors 9 : X,,?^ -^ XsJ^ and 
^^ : X^?j. -^ X-sJ^ . We call them the specialization functor and the nearby cycles 
functoci respectively. We denote by i?8 and B}^ the corresponding derived 
functors. Our aim in this section is to compute the sheaf of nearby cycles 
R^Kx and the sheaf of vanishing cycles R^t^x defined as usual as a cone 
r [SGA73) XIII 2.1). 

The question being local, we only have to study the affine charts : il ^■ 
(3(71, d', a) as in Definition 12.21 The formal scheme (3(n, d', a) is the completion 
of the scheme 

Spec (A:°[To, . . . , T^,,S^,^^, ..., St]/{To • • • T^, ~ a)) 



*Our terminology differs from IBer94l . where <& is called the vanishing cycles functor loc. 
cit. 
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along its special fibre. Therefore, by |Ber94j Corollary 4.5(i) and Corollary 5.3, 
the calculation is reduced to the case of ordinary schemes. 

Proposition 3.1 ( [I1104J ) ■ We have R'^'^Ax = A;e_, an exact sequence 

N 

^ Ax^ i!^ A^^ ^ i?^*A3e„(l) ^ 0, 

i=0 

and isomorphisms 

A9i?i*Ai-, ^ i?«*Ax„, for q>l. 

The sheaf of vanishing cycles R^Ax is related to the sheaf of nearby cycles 
R'iAx through an exact triangle 

Ax^ -> i?*Ax, ^ R<^Ax^ ^ . (3.1) 

Let / C {0, . . . , N} be a face of Sx and j : Dj ^^ X-g the closed immersion. 
We assume that Dj is a projective variety. Applying j* to p.ip . we obtain the 
exact triangle 

fAx^ ^ fR^Ax,, ^ ri?$A3e„ ^ . 

Taking global sections RT, we obtain a long exact sequence 

■■■^R'T (fR^Ax,) ^ R'r {rR<i>Ax,) A R'r{fAx^) ^ • • • , (3.2) 
where we denote the two arrows above by /3* and a* respectively. 
Corollary 3.2 ^ p04] ). We have 

R'T {fR<^AxJ ^ Coker (A A A'^)(-l), 

where A denotes the diagonal map that sends an element A G A to (A, . . . , A) £ 
A''. Moreover, the map 

a* : Coker (A -A A'^)(-l) -^ R^r{fAx^) ^ HI(Di,A) 
is induced by the cycle class map in etale cohomology. 

4 Deformation of analytic tubes 

In |Ber99| . Berkovich constructed an inclusion map 9 : Sx ^^ 3£,, and a retrac- 
tion map r : X^ — > Sx- For the formal scheme *B := 6{n,d',a) defined as in 
(|2.ip . the retraction map is easy to describe. By Lemma [^31 we have 



S<s^< (ro,...,rdOeK>J 



d' + l 



y ri = val a > C 



)d' + l 

f 2 V dl U- / i^_ UN 

2^0 
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Lemma 4.1. The retraction map Trg : S,, — > S<s takes x G *B^ to the point 

(vairo(x), . . . , valTd/(x)) e S^ (Z ]R'''+^ 

For a general strictly stable formal scheme X, the retraction map t : X^ — ^ 
Sx is defined by gluing the construction above in the etale topology, which is 
a difficult task. Our aim in this section is to describe the local geometry of 
this retraction in terms of nearby cycles. More precisely, let w be a point in Sx 
sitting in the interior of a d-dimensional face I^ — {i^, . . . ,id\ C {0,...,A'^}, 
and denote by j the closed immersion Dj^ ^-> X-g- Let 

ys,...s, ^Sxr\{ (ro, . . . , rw) e R^+i | r,^. > s, for j G {0, . . . , d} } , (4.1) 

where sqi • • • i Sd G valfc°°. It follow from the definition that 

Lemma 4.2. V/o---*'' ^% if and only if sq + ■ ■ ■ + Sd < vala/„ . 

We suppose from now on that Vj"'"'^'' ^ 0, and denote by t the inclusion 
mapr-i(V;;-''')-^X^. 

Theorem 4.3. We have a quasi isomorphism 

Proof. By adjunction, we have a morphism A^ — ?■ Rl^l,*Ax , thus a morphism 

j,fm{Ax,)^j.rm{Ri.i*Ax,)- 
In order to prove the theorem, we only have to show that 
(i) The morphism adj is a quasi-isomorphism. 
(ii) The sheaf R'^{Ri^,L*Ax ) is supported on Dj^. 

The properties being local, we only have to show them for the formal scheme 
*8 = &(n,d' ,a). We assume that d < d' because otherwise it will not have 
contributions to the stratum Dj^ . The special fibre *8s is given by the equation 
Tq ■ • ■ Td' — 0, and we assume that Di^ G S^ is further cut out by the equations 
Td = • • • = Trf, = 0. 

Now pick any elements ao,...,ad G k°° such that vala^ = Sj. Let a' = 
a ■ Cq ^ • • • a^^, *B = &{n, d' , a'). Let / : *B ^ *B be the morphism given by the 
algebra homomorphism 

fc°{ro, . . .,Trf.,5±+i, . . . ,5±}/(ro- • -Td, - a'), 



which takes 



Tj H- > ajTj for j = 0, . . . , d 

Tj^Tj for j = d+l,...,(i' 

^j '^ ^j ioi j — d' + 1, . . . ,n. 
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We have 

i?/^,A^^~i?A,i*A<8„. (4.2) 

By |Ber94] Corollary 4.5(ii), we have 

i?*(i?/,,AgJ ^ i?^,(i?vI/(A~ j). (4.3) 

Combining (j4.2p and (j4.3p . we obtain 

m(^Ri,L* A<s,) - Rf-s* (i?*(A^j) . 

This shows ([n]). Then Q follows from the calculation of nearby cycles in the 
last section and the fact that the fibers of /s, are all cohomologically trivial. D 

Remark 4.4. The geometry behind Theorem l4.3l is that the ctale cohomology of 
our analytic space does not change when we deform certain tubular neighbor- 
hoods of the boundary. A scheme theoretic analog of this fact can be found in 
[Pat 12] . We believe that our approach can be adapted to give a better under- 
standing of the result loc. cit. 

5 Cohomological interpretation of tropical weights 

Let C be a compact quasi-smooth fc-analytic curve, and / : C — > X^ a fc-analytic 
morphism. The image of C under r o / is a one-dimensionajj polytope in the 
skeleton Sx, called the tropicalization. We denote it by C*. We call the 0- 
dimensional faces of C* vertices and the 1-dimensional faces of C* edges. We 
denote by e° the interior of an edge e. 

Proposition 5.1. There exists a subdivision of the edges of the tropical curve 
C* such that, if we denote by C* the polytope after the subdivision of edges, then 

(1) For any edge e of C^ , each connected component of {t o f)^^[e°) is isomor- 
phic to an open annulus. 

(2) For each annulus A as above, there exists an open subscheme il in X, 
equipped with an Stale morphism (/) : il — ^ 6{n,d',a) as in Definition \2.2[ 
such that f{A) is contained in il^. 

Proof. Ifl Let us choose affine charts ili , . . . , ilm as in Definition 12.21 such that 
Ui=i ^i ~ ^- Assume that for each i G {1, . . . ,m}, the structural morphism 
ili ^ Spf k° factorizcs through an etale morphism 

for some < d^ < n„ a, e k°° \ 0. Let C, = f-\ii^.^n)^ Uj = |TJ'^ o 0,^ o /|cj, 
for i — 1, . . . , TO, J = 0, . . . , d^, where | • | denotes the absolute value of non- 
Archimedean fields. We have the following fact concerning the variation of 
holomorphic functions. 

^In degenerate situations, the tropical curve C' can be zero-dimensional. We are not 
interested in such cases. 

®Many thanks to Antoine Ducros for his help with this proof. 
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Lemma 5.2 ([Due] (4.4.35)). For each i — 1, . . . ,m, there exists a finite graph 
Ti C Ci such that the functions tij are locally constant over Ci\Ti, and piecewise 
linear over Ti . 

By extending Ti , we can assume that it contains the analytic skeleton of Ci . 
Let F be the union |J F,, F the convex hull of F, and F^ = TnC^. By plc]f5.1). 
we have a strong deformation retraction r : C — ;• F, and riQ. gives a retraction 
of Ci onto Ti . Let Ki be the set of knot pointfUl for the analytically admissible 
subgraph F^ C Ci for i = 1, . . . ,m, and let K be the set of knot points for the 
analytically admissible subgraph F C C. Let Pq = {t o f)[K U lJi=i ^0' ^^'^ 
let Pi be the union of the points p & C^ such that ((r o /)|p)~^(p) contains an 
infinite number of points. The set of points Pq is finite by [Duc](5.1.12.2). The 
set of points Pi is also finite by Lemma [5?^ Therefore, the union P := P1LIP2 is 
a finite set. Now it suffices to make the subdivision of the edges of our tropical 
curve C* by adding the points in P as new vertices. Indeed, for each edge e of the 
subdivided tropical curve C*, F n (r o /)~^(e°) is a finite disjoint union of open 
segments in F. Any such segment s is by construction contained in a certain F^. 
By [Due] (^5.1.12.3). r^^{s) is isomorphic to an open annulus, which we denote 
by A. By Lemma [5.21 we have /m o r|^ — to /|^. So we have proved the first 
assertion of our proposition. Moreover, s CTi implies that Ai := {r\Ci)~^{s) is 
an open annulus inside Ci. We have an inclusion of two open annuli Ai C A, 
and both of them retract to the same segment s. Therefore we have Ai = A, 
and f{A) = f{Ai) C ili.r;- So we have proved the second assertion as well. D 

From now on, we assume that our tropical curve C* is already subdivided 
according to ProDOsition l5.ll i.e. C* = C*. For each edge e of C*, we choose an 
orientation and equip the oriented edge e with a weight]f] We & Z^"*"^ as follows: 

Recall that A^ + 1 is the number of irreducible components of the special 
fibre Xs- We fix an index i g {0, . . . ,N} and describe the i*^ component wl- 
Let A he a, connected component of (r o /)~^(e°). We assume that il is an open 
affine subscheme of X equipped with an etale morphism (f> : H ^>- &(n, d', a) as 
in Definition 12.21 and that f{A) is contained in 11^. Let In C {0,...,A^} be 
the face of Sx corresponding to the simplex T(il^). We assume for simplicity 
that In = {0, . . . ,d'}. We choose a coordinate z on A such that A is given 
by ci < \z\ < C2 for some ci,C2 G |fc|. We require that when \z\ increases, 
(r o f){z) moves along the direction specified by the orientation of the edge e. 
We assume that under the map 0, the divisors Dq, . . . ^ Dd' are given by the 
equations Tq = 0,. . . ,Td' —0 respectively. For i e {0, . . . , d'}, let tt^ denote the 
map 

6(n, d', a)„ ^ A', := SpBerk(fc{T„ T'}/{T, ■ T' - a)) 

given by the algebra homomorphism 

fc{r„T'}/(r, -T' -a)^ k{To, . . . ,rd-, 5±+i, . . . , Stj/in ■■■Td^- a), 



''The notion of knot points is defined in IDuc| (5.1.12) for an analytically admissible and 
locally finite subgraph inside a generically quasi-smooth fc-analytic curve. 
®If we reverse the orientation, the weight is multiplied by -1. 
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which takes 

T'^To---f,---Td', 

where the symbol SpBcrk denotes the Berkovich spectrum of an A;-afRnoid alge- 
bra. 

Let /, = vr, o 0^ o /|^ : A ^ A^, and /* : H^, (AT, Qi) ^ H^, (A, Qi) . We set 
w^'* = /*(!) e Qi, and let wl be the sum of the w^''^ over each open annulus 
A occurring as a connected component of (r o /)~^(e°). For i {0, . . . , d'}, we 
set wl = 0. As a result, we obtain an element We G Z^+^, and we call it the 
tropical weight associated to the oriented edge e. 

Proposition 5.3. The weight We is parallel to the direction of the edge e sitting 
inside ^^+^ 



Proof. This is a local computation. Let A be an annulus as in Proposition 15. II 
given by ci < \z\ < C2, and let fi be as in the definition of tropical weights. 
Suppose fi — X)mGZ fi,inZ™' with /,;.,„ G k. By IBer93| Lemma 6.2.2, there 
exists rui with \fi.mi\r™^ > \fi.m\r'^ for all m ^ m^, ci < r < C2. Therefore, for 
i = 0, . . . ,d' , ci < \z\ < C2, we have 

val(/j(z)) = val(/i^mj + mi ■ val{z). 

This means that (moi • ■ • j "nid' , 0, . . . , 0) is exactly the direction of the edge e 
sitting in R^+^. We conclude our proof by observing that mi is also the winding 
number in terms of etale cohomology (See |Ber93) Lemma 6.2.5). D 

Corollary 5.4. The tropical weight w\ £ Q; is in fact an integer. 

Remark 5.5. Assume that the interior e° of the edge e is contained in the interior 
of a de-dimensional face /g C {0, . . . ,iV}. By Proposition 15.31 the weight We 
is an element in Z^" . It follows from the cohomology of the fc- analytic space 
(3(n, d', a)ri that We actually lives in Ker (Z^" — > Z) . Suppose the vertex v is an 
endpoint of the edge e. By definition we have le C J (see (|2.2I) '). so We can also 
be seen as an element in Ker (Z*^ — > Z) . Therefore, We is an integral tangent 
vector in the tangent space T^Sx by the embedding (j2.3p . 

The next step is to relate the tropical weights to vanishing cycles. Since our 
tropical weights are defined using etale cohomology with Qj-coefficients, we shall 
take the inverse limit over v for all our reasonings in Sections [3] and HI By abuse 
of notation, we will just replace A by Qj, although it should be understood that 
the inverse limit is taken in the last step rather than from the beginning. 

Let V, ly, Vj"'"'^'', j be as in Section |31 We suppose that v is an endpoint of 
the edge e. Let A be an annulus as in Proposition 15.11 given by ci < \z\ < C2, 
and il the open affine subscheme of X used in the definition of tropical weights. 
We assume that f{A) C r^^iVj"'""''). By Theorem 1131 we have 

10 
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By Remark 15.51 the weight w^ is an element in Kcr (Z'^ — !> Z) , so it can be 
seen as an element in Ker (Qf — !> Qi) by the natural inclusion Ker(Z'^ — > Z) ^-> 



s 

A 



■' — ^ Qi)- Therefore, w^ gives a map Coker (Q — > Q'^) — > Qi, which 



we denote again by w^ 

Proposition 5.6. We have the following commutative diagram 

R^r{j*mQi^x^) -^^R'r{j*m%,x^) ^Coker(Q, AQf)(-l) 

hU^'HVjI«-'-) X 9,Qi) -^^ Hi{AQi) > Qii-i). 

Proof. Let il be the open affine subscheme of X that was used in the definition 
of tropical weights, and let : H — ;> *B := &{n,d',a) be the etale morphism. 
Let TTii : il^ — )► ils, TTrg : *8^ -^ *8s be the reduction maps (see |Ber94] for the 
definition). 

Lemma 5.7. There exists a closed point p £ lis such that f{A) C tt^ (p). 

Proof. Consider the composition (j)ri°f\A ■ A — s> *B,,. In terms of affinoid algebra, 
it is given by n power series: 

d' 



J-i '^ y ^ fi.mZ 


for 1 = 0,..., 


jyi^Z 




^i ^^ / J fi,mZ 


for i^d' + 1, 


mSZ 





From the proof of Proposition 15. 3[ for any i = 0, . . . ,n, ci < r < C2, m j^ wf'"^, 
we have 



/. 



.~.A,' 



r"^^' >\k 



Therefore, if ii;^'* — 0, then the i'^-coordinate of all the points in (7r<BO(/)^o/)(A) 
is /j 0, where /j_q denotes the image of /i,o in the residue field k. If -uJ^'* ^ 0, 
then the i"^-coordinate of all the points in (Trtg o (j)^o f){A) is zero. This shows 
that the image {n<s o (pn ° /)(^) is a fc-rational point in *8s, which we denote by 
p<s . By the commutativity 

7r>B o 0^ = (/is o TTii : il,, ~> *Bs, 

we have 

(7ruo/)(A) C(l)-\p<s)- 

Since (f>s is etale, 4iJ^{p<s) is discrete. Then by the connectedness of the annulus 
A, there exists a point p G (f>J^{p<s) such that (ttu o f){A) —p. D 

We assume that the interior of the edge e is contained in the interior of a 
d'^-dimensional face le C /y = {0, . . . , d'}. Let jp denote the inclusion p ■^ ilg. 
By the description of the point p in the proof of Lemma 15.71 we have 

R'T{j;mQi,i,J ^ R'T{j;mQi,i,^) ^ Coker (Qi A Q^)(-l)- (5-1) 
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Lemma 5.8. We have an isomorphism 

R'r {j;mQi,u,) ^ Hi [{T-\Vjy-'-) n 7:^\p)) x 9,Qi) . (5.2) 

Proof. By }Ber96] . we have 

R'T {j;mQi,i,^) ^ HI{ti-\p) X k-,Qi). (5.3) 

Since </) : il — ;■ *8 is etale, and (ps induces an isomorphism between the point 
p and the point p<s = (f>s{p), 4'ti induces an isomorphism between tt^ [p) and 
^^^(Ps) ^ |Ber99] Lemma 4.4). Now 7r^^(p<8) is very easy to describe. The 
coordinate ring of the fc-analytic space tt^ (psg ) has the form 

fc°[[ro, . . . , Trfe, 5d.+i, . . . , 5„]]/(To • • ■ Td. - a'). 

So the same trick as in the proof of Theorem 14.31 gives an isomorphism 

^(F/;-"'^) n ^^\p)) X fci, Q() A Fit (^y i(p) X 9, Qi) . (5.4) 

Our lemma follows from (j5.3p and (J5.4I) . D 

In order to simplify notation, let us temporarily denote 

l/ = r-i(F/° ■■■"") xP, 



i4. = (^"'(^/:-"^)n7ryi(p))xfc~^ 

Qhl=Coker(Q, AQfO, 



pl = Coker (Q, A 



Combining (|5.ip and (|5.2p . we have isomorphisms 



#=i(-i). 



Then the following commutative diagram follows from the definition of trop- 
ical weights. 



/|*A 



fl(-l) 



^it(^P>QO 



^it(A 



-^Q/(-i). 



We conclude by the functoriality of the formation of vanishing cycles, i.e. 
the following commutative diagram: 



Hl{V^ 



R^T (ri?*Q;,A-J ^ R^^{]' 



LXnj 



J^l 



(-1) 



H^Vp^Qi) ^ R'r {j;RmiM„) ^ R'r{j;R^Qiss„) ^ QF^k-i) 



n 
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6 Balancing condition in terms of etale coho- 
mology 

We use the settings in Section[T] The aim of this section is to prove the following 
theorem. 

Theorem 6.1. Let a denote the sum of weights as in il.l\} . and let Zq, be the 
composition of I with the inclusion Ker CZ'-' — > Z) — )• Kcr (Z'^ — > "E) (3 Q/. Let 
dy — dim Dj^ . Then Iq^ (a) lies in the image of the following map: 

ai : H^f"-^ (i?/„ x^ Speck'^Mi) (rf. - 1) ^ Ker (Q/ A Q,), 

L^{L-L„ jG J). 

We begin with a simple observation. 

Lemma 6.2. For any extension k C K of non- Archimedean fields, if we apply 
extension of scalar s to Xr/ and to the map f : C ^- Xrj , the skeleton Sx and the 
tropicalization C* remains unchanged. 

We make a subdivision of C* according to Proposition 15.11 and denote the 
subdivided tropical curve again by C*. We choose a sufficiently small convex 
neighborhood V oi v inside Sx which does not contain any other vertex of C* 
nor any point in (r o f)[dC). We further require that V is of the form (14. ip . 
This can be achieved by making some finite extension of our field k. 

Lemma 6.3. Let k' be a separably closed non- Archimedean field, C° a con- 
nected compact quasi-smooth k' -analytic curve, and let bi, . . . , b„i be the bound- 
ary points of C° . We assume that there are neighborhoods Ai, . . . , Am of hi, . . . ,b„ 
which are pairwise disjoint and are isomorphic to annuli. Let A = WAi and let 
Lb denote the inclusion A M> C° . Then the composition S o ij 

is zero, where S denotes the sum. 

Proof. By gluing discs onto hi, . . . ,bm, we embed C° into a proper smooth k'- 
analytic curve, denoted by C°. Let zi, . . . ,Zm, be the centers of the discs, and 
Z = Y[i=i ^i- N^ow the lemma follows from the Gysin exact sequence 

^ if?t(CS,QO(l) ^ Hl{C°M){l) ^ HUZMi) ^ hUc^°m){i) ^ Q; ^ • ■ 

n 

Let r be a positive real number and 

V = {xeV ^SxC M^+^ I dist(a;, V'')>r], 



where dist denotes the standard Euclidean metric in IR''^+^ and V^ denotes the 
complement of V in Sx- Put V^ = V\ Y\ C° = (r o fy^iy), C' = f-'^iV''), 
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Lb ■ C' ^^ C°. We choose r sufficiently small, such that C'' does not contain 
any vertices of C*. For each segment e in C* DV^, we choose the orientation of 
e to be the one that points away from v. The construction of tropical weights 
in Section [5] gives an element w,, S Ker (Z'^ — > Z), which induces a map We '■ 

Coker (Q/ — > Qf) — > Q/. Let a be the sum of We over all segments e in C* fl V'^. 
By Proposition 15.61 we have a commutative diagram 



i?ir (rmQLx,) 



r 



^ R'T (f 



.,^Tj J 



Coker 



'iO(-i) 



IC>' 



(6.1) 



where the bottom row factorizes as 

Hl,{T-\V) X 9m) ^ Hl,(C^,QO % H^,iC'\Qi) A Q,(-l). 
By Lemma 16.31 S o ij =0. By the commutativity of (|6.ip . we have 

a o 13*^0. (6.2) 

By p.2p . we have a long exact sequence 

• • . ^ i?^r(j*i?*Q,,jj ^ i?ir (j*i?$QLxJ ^ i?'r(j*Q,^3Ej ^ • • ■ ■ (6.3) 

By Corollarv l3.21 the dual of a* is the map a/ in Theorem l6.1l Combining (|6.2p 
and the exactness of (|6.3p , we have proved that a lies in the image of the map 
ai. 



7 From cohomological classes to algebraic cycles 

The passage from Theorem 16.11 to Theorem 11.11 is a simple application of the 
standard conjecture on algebraic cycles, which is easy to prove in codimension 
one. More precisely, for divisors with rational coefficients in a projective variety, 
[Mat57pl proved that numerical equivalence implies algebraic equivalence. So 
in particular, numerical equivalence implies homological equivalence. 

Let us suppose that Im(Q;Q) € Ker (Q''' — > Q) C Q"' is contained in a 
hyperplanc / = 0. Let Xj, j G J he the coordinates on Q'^ and write / as 
'^^(zjCijXj, for Qj S Q. The fact that Im(aQ) is contained in the hyperplane 
f — implies that the Q-divisor '^-j^j o.jLj is numerically equivalent to 0, it 
is thus homologically equivalent to 0. Therefore, Im(aj) is also contained in 
the hyperplane in Qf defined by the same equation / — 0. To conclude, we 
have shown that Im aq (g) Q; ~ Im ai . So we have deduced Theorem 11.11 from 
Theorem 16.11 



'Many thanks to Bruno Klingler for pointing out this reference to me. 
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